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ABSTRACT A general expression for the four-particle electric field amplitude correlation function for light 
scattered by Gaussian polymer chains is given and used to evaluate the intensity cross-correlation function 
measured in a two-detector dynamic light-scattering experiment for flexible (Rouse) and semiflexible 
(Harris-Hearst) polymer chains. "he resulta are compared with those for a rigid-rod scatterer, and the possibility 
of using two-detector, cross-correlation techniques to distinguish between rigid, semiflexible, and flexible polymers 
is discussed. A procedure for approximating the four-particle function for a Gaussian chain is given with 
a numerical example of the time-dependent contribution of the first mode of a Rouse chain to the decay of 
the intensity correlations. For the Rouse chain the time dependence of the cross-correlation function exhibits 
a (kRJ2 dependence on the scattering vector for kl k2 and kR, k 4. 

Introduction 
Conventional, single-detector, dynamic light-scattering 

techniques can be used to measure internal relaxations of 
flexible polymers in solution. Examples of such experi- 
ments are studies of DNA' and F actin.2 The correlation 
of intensity fluctuations is measured, and, for large num- 
bers of scatterers in the sca t te r ing  volume, this in tens i ty  
correlation is related to the electric field correlations by  
the Sieger t  r e l a t i ~ n . ~  Theories of polymer dynamics  can 
be used to calculate the time dependence of the field 
correlation funct ion ,  g(l) (k , t )  0: (E*(k,O)E(k, t ) ) ;  for ex- 
ample, g(l) was calculated for the Rouse model by  Pecora4 
and for a semiflexible chain model by Maeda and F ~ j i m e . ~  
Those authors also calculated the Fourier Transform of 
g(l), which is related to the spectral distribution of the 
scattered light. In the present work we report results for 
field and in tens i ty  correlations which can be directly 
measured by  digital  correlation techniques.  The electric 
field correlation function, g(l)(k,t), is strongly affected by 
the translational diffusive motion of the polymer mole- 
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cules. For polarized light scattering, length and time scales 
of internal modes are in principle measurable for kR, > 
1, provided the contribution of the translational mot ion  
to g(l)(k,t) can be accurately allowed for. Such investiga- 
tions offer technical prob1ems5z6,' as the center-of-mass 
motion of the macromolecule must be accurately charac- 
terized independently of a n y  intramolecular effects. Only 
then can the contribution of the center-of-mass diffusion 
to the time dependence of the intensity correlation func- 
tion be eliminated to obtain the intramolecular time-de- 
pendent contribution. It is therefore of value to devise 
quasi-elastic light-scattering experiments in which the 
contribution of the center-of-mass motion to the observed 
correlations is eliminated or reduced. 

The particular type  of dynamic  l ight-scattering exper- 
iment to be discussed in this paper involves the use of two 
(or more) photomultipliers set up to receive the light 
scattered b y  individual macromolecules passing through 
the same small scattering volume; the photomultiplier 
outputs are cross correlated (see Figure 1). The feasibility 
of such experiments was established b y  Griffin and Pusey,S 
who predicted and observed an anticorrelation i n  the in- 
tensity cross-correlation function, g(2)(kl,kz;t), (kl-kz = 0), 
for l ight  scattered b y  ro ta t ing  rodlike scatterers.  T h e  
theoretical results given here apply over t he  experimentally 
accessible range of both scattering vectors: thus they  apply 
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results are given for semiflexible polymers. A comparison 
of g@) for rodlike scatterers with g(z) for semiflexible 
polymers is presented. 

Theory 
The intensity cross-correlation function measured in a 

two-detector experiment, in the case of dilute suspensions 
and small scattering volume, V, is given by'l 

s ;  
Ll 

a 

... L A  
A 2  , '  :' 

. : 

0 
k 

'I' = #, - 0, - 
2 

b 

C 

Figure 1. (a) Photon cross-correlation experiment. Laser light 
is focused through lens L1  into the sample cell S. Two similar 
lenses (L2 and L3) cast images of the focal region onto apertures 
A1 and A2 in front of two photodetectors D1 and D2, which are 
positioned at scattering angles and 6'> The outputs of D1 and 
D2 are cross correlated. (b and c) Two scattering vector geometries 
for this experiment. In (b) the detectors are on the same side 
while in (c) they are on opposite sides of the laser beam. 

to experiments such as those of Kam and Riglerg in which 
the two detectors were nearly superimposed. 

PuseylO has recently presented a description of the 
problem to be tackled in calculating the photon cross- 
correlation function for a Gaussian coil, using the Rouse 
model, and has given an expression for the static part, 
g(2)(k,,kz;0). In the method given here g@)(kl,kz;t) is ex- 
pressed in terms of the normal modes of the polymer chain; 
the relaxation times of the modes determine the depen- 
dence of g(" on time. Numerical and analytical results are 
presented for models of flexible polymers and numerical 

where kl and kz are the scattering vectors corresponding 
to the two detector positions, gm(l )  is the interference term 
and gNG(') is the four-particle (cross)-correlation function. 
(Strictly, eq l b  is an approximation, but the error is neg- 
ligible provided (kl  - kzlV/3 >> 1.) The latter, non- 
Gaussian, term can be factorized into a number fluctuation 
term, gNG(2)T arising from the translational diffusion of the 
scatterers in and out of the scattering volume and an in- 
tramolecular term, gNG(')I, which we now proceed to ana- 
lyze. The number fluctuation term can be calculated ex- 
plicitly and used to extract the intramolecular term from 
the experimental data. 

We define the four-particle scattering function to be 

where ri is the position vector of the ith segment of an 
individual polymer molecule. 

We now consider the cases of a rigid rod and a Gaussian 
chain. 

Four-Particle Correlation Function for Rigid Rods. 
For the purposes of comparison we recall the form of g(2) 
for a rigid-rod scatterer. As has been shown elsewhere,8 
the four-particle correlation function of such a scatterer 
has the form: 

gNG(2)'(ki,kz;t) = 
JV-l (21 + 1)P~(k,.kz)e-"('+1)DRtA~(kl,k2) (3) 

where the Pl are Legendre polynomials of order 1, N is a 
normalization (we use N for different normalization con- 
stants elsewhere; no confusion can arise) given by 

JV = (I(ki) ) (I(k2)) (4) 
and Al is given by 

h[(k , ,k , )  = cc($"4-p'-q'(2p + 1)(2p '+ 1)(29 + 1)(2q'+ 1) X 

I ,  even 

PP'PP' 
even 

with 

where DR is the rotational diffusion coefficient of a rod of 
length L and j p  is the spherical Bessel function of order 
P. 

Four-Particle Correlation Function for  Gaussian 
Chains. A Gaussian, Markov polymer chain is made up 
of linked segments such that the mean-squared distance 
between segments m links apart is proportional to m, Le., 
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(r2(m)> = Pm (7) 
where 1 is defined as the statistical segment length, while 
the probability of any two segments being separated by 
a distance r is given by a Gaussian distribution.12 For a 
Gaussian chain with linear dynamical equations our result 
for gNG(')' can be expressed in terms of the normal modes 
(pa) of the chain as 

Flexibility of Polymer Chains 2189 

r,  = (13) 
b2WC 

3i?a2k~T 

where the coordinates of the "beads" are given by 
N 

L Y = l  
ri = C Qiupa (9) 

the ( p 2 )  are the mean-square equilibrium mode lengths, 
the r ,  are the corresponding relaxation times and the 
condensed notation 

(10) 

has been used. 
(a) The Rouse Model for a Flexible Polymer. For 

the case of a flexible polymer, Rouse chain dynamics can 
be conveniently described by a Smoluchowski equation 

Qij, = Qin - Qja 

where + is the chain position distribution function. 
[Zwanzig13 gives an equivalent Langevin description of the 
Rouse-Zimm chain. Further on we use a Langevin de- 
scription for the Harris-Hearst model of a semiflexible 
chain, but the key assumption we make for both Rouse- 
Zimm and Harris-Hearst models is that the chains can be 
described by Gaussian chains. The exact solution of eq 
11 for the Rouse chain describes an ideal Gaussian chain 
exactly. For the Harris-Hearst model, the canonical dis- 
tribution of "bead" positions and momenta is given by 
Harris and Hearst in Gaussian form to reflect the linearity 
of their defining equation of motion for the chain. Soda14 
proposed a nonlinear dynamical equation for a semiflexible 
chain based on the model of Harris and Hearst; the 
Harris-Hearst equation of motion is shown by Soda to be 
a linearization of this equation which is not self-consistent. 
In the rigid limit of such a model a Gaussian distribution 
for the bond probabilities12 is not appropriate, but, for 
small degrees of rigidity, such a representation may be 
valid (see Mor0 and Pecora15). Our results (see below) 
support the general conclusion of these authors that the 
flexible limit of the Harris-Hearst model provides a correct 
representation of the Rouse chain.] We adopt the notation 
used by Pecora16 and Verdier and St0~kmayer.l~ The 
solution to eq 11 in terms of normal modes of the polymer 
chain is known.ls For the Rouse chain we have 

(12) 
b2W 

( F e z )  = - 
T2a2 

and 

where b is the mean distance between beads, N is the 
number of beads, ( is the bead friction coefficient, kB is 
the Boltzmann constant, T i s  the absolute temperature, 
and for Rouse polymer chains the Qia are given by 

Qia = ( $)'Iz sin TCY( - :) a odd (14) 
N 2  

The exact solution to eq 11 is used to calculate an ana- 
lytical expression for gNc(2)' in the form of eq 8 in terms 
of the quantities defined above. In the continuum limit 
this takes the form 

li - ll)e-tlT* di d j  dk dl (15) 11 
where N is a normalization constant given by 

~ V = ~ ~ J ~ e x p [ - ( , l i - j I ) ]  b2k12 d i d j x  

xN&" exp[ -( li - jl ) ] di d j  (16) 

This is straightforward to evaluate a t  t = 0 by elemen- 
tary techniques. (We obtain the same result as reported 
recently by Pusey'O after correcting a small error in his 
re~ul t . '~)  All higher order correlations can also be calcu- 
lated exactly.20 

For sufficiently small klRg and k2Rg the time dependence 
of gNG"' can be evaluated analytically by expansion of the 
exponential of the time-dependent factor of eq 8 as 

where the normalization is given by 
J v =  

The first two nonvanishing terms can be written 

... 

(19) 
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where *,,, is defined as 

For larger values of kip, and kag eq 8 has been evaluated 
numerically, as described later, making use of the rela- 
tionship 

Rg2 = Nb2/6 (21) 

(b) The Harris-Hearst Model for Semiflexible 
Polymers. In this modelz1 the polymer is described as a 
wormlike chain with both longitudinal elasticity and 
bending elasticity.14J5 The Langevin equation for this 
model is 

where p is the linear mass density, is the friction constant 
per unit length, A(s,t)  is the random Brownian force, and 
t and K are respectively the bending and elongational elastic 
constants. The polymer is described by the curve r = r(s,t) 
where s gives the position along the chain. This model 
incorporates the following assumptions: (i) that 

(2) >> ( 5 . 6 )  

where 6 is a unit vector pointing in the direction of the 
tangent to the chain at given s and t and (ii) that 

((ar/as( - z [ar/asIz (24) 
As discussed by Soda,14 these two assumptions are, in 

fact, mutually incompatible, but Mor0 and Pecora15 and 
Hearst and Harris22 have suggested that, nevertheless, the 
model gives a reasonable description of polymers with 
small rigidity. Furthermore, the numerical results of 
Hearst e t  al.23 show that, for flexibilities intermediate 
between rod and coil limits, major differences between 
([r(s) - r(s’)I2) for the Harris-Hearst and Kratky-Porod 
models occur only for values of s close to s’and at the ends 
of the chain. Mor0 and Pecora15 gave solutions to eq 22,  
expanding r(s,t) and A(s, t )  in terms of a complete, or- 
thonormal set of functions, (qlj: 

r(s,t) = Cpl(t)qds) (25) 
1 

and 
A(s,t) = CBi(t)qi(s) (26) 

The lth normalized eigenfunction was obtained from the 
eigenvalue equation 

1 

where Cl is a normalization constant, L is the polymer 
length, and vll and vZ1 are defined as 

vll = [ [ (k- + :]’” + ;I1’* (29)  

and 

v21 = [ [ ($2 + ; I l l 2  - ;I1” 
The eigenvalues, {All ,  are obtained by solving 
2(1 - cash v I ~ L  COS VZ~L) = 

[ (2 ) - (z) ] sinh vllL sin uZlL (30) 

Following the treatment of Mor0 and Pecora15 we in- 
troduce the scaled parameters K* = K/L2 and t* = t / L 4  and 
express the “stiffness” of the polymer in terms of the di- 
mensionless parameter t*/,*. The eigenvalues can be 
expressed in terms of the dimensionless parameter, x 1  = 
AlL2/u and have been obtained by searching for minima24 
of the square of the difference between the right- and 
left-hand sides of eq 30 (typically, the relative error was 
less than in a series of finite intervals chosen by 
successive subdivision so as to obtain all the eigenvalues. 
Table I gives the values of x1 for the first 10 eigenfunctions 
for a range of values of t * / K *  that have been used in this 
work. 

The elastic constants, E and K ,  have been given in terms 
of y, the inverse of the statistical length, asz5 

(31) t = 3 k T / 4 y  and K = 3k,Typ(yL) 

p(yL)  = [I - (1 - e-2’L)/2yL]-1 

where 

(32) 
Thus, 

P(rL)(2rL)Z(t*/K*) = 1 (33) 

For each given value of c * / K *  and L the value of y was 
obtained by minimizing24 the square of the difference 
between the left- and right-hand sides of eq 33 (typically, 
the relative error was less than Values for r L ,  the 
number of statistical segments in the polymer, and the 
ratio L / R g  are plotted against e*/.* in Figure 2. 

Assuming that the chains obey Gaussian statistics, we 
have substituted the expressions for q J i )  as Qi, in eq 8. 
To ensure equipartition of energy, we must have 

(1,’) = 3k,T/X, (34) 

7, = r/x, (35) 
and we also require that 

The mean-square radius of gyration is given by 

It should be pointed out that in this model the quantities 
represented by q,(i) and (p:)  are not directly comparable 
with those for the Rouse model. Here, q,(i) has dimensions 
of L-1/2, and ( ~ 2 )  of L3, while in the Rouse model Qi, is 
dimensionless and ( pa2)  has dimensions of Lz. 

Numerical Evaluation of Equation 8. Three differ- 
ent quadrature routines from the NAG software library 
were used to perform quadrature in two and four dimen- 
sions on a VAX 111750 computer. These were (i) an 
adaptive Monte-Carlo routine,26 (ii) an adaptive deter- 
ministic routine,z7 and (iii) a routine using a product of 
Gaussian rules.28 All these routines gave answers in good 
agreement with one another, but the last routine, which 
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Table I 
Values of q 

€ * / K *  

1 0.001a 0.01 0.1 1" 1000" 
1 9.954 659 1 X loo 1.046 073 2 X 10' 1.1550159 X 10' 1.1944357 X 10' 1.1999943 X 10' 
2 
3 
4 
5 
6 
7 
8 
9 

10 

4.0837881 X 10' 
9.5699356 X 10' 
1.7960823 X 10' 
2.996 662 2 X lo2 
4.6506168 X 10' 
6.8715775 X lo2 
9.7959002 X lo2 
1.358 347 2 X lo3 
1.8418204 X lo3 

4.9194837 X 10' 
1.400 074 2 X lo2 
3.274 1546 X 10' 
6.799341 8 X 10' 
1.2905444 X lo3 
2.2761026 X lo3 
3.7769606 X lo3 
5.956846 1 X lo3 
1.3125389 X lo4 

Values in agreement with those given by Mor0 and Pecora.I5 

1 6 ' O A  

9.852 820 3 X 10' 
4.8844979 X 10' 
1.6482009 X lo3 
4.2788007 X lo3 
9.3155947 X lo3 
3.151 7290 X lo4 
5.172 1384 X lo4 
1.196 873 6 X lo5 
1.7189110 X lo5 

0.25 - 
0.20 - 

0.15 - 
0.10 - 

0.05 - 

5.499 339 9 x 102 
3.9123829 X lo3 
1.4804459 X lo4 
4.0228459 X lo4 
8.953 762 0 X lo4 
1.7442082 X lo5 
3.089 049 8 X lo5 
5.093 548 4 X lo5 
7.9447293 X lo5 

5.006 133 8 X lo5 
3.803 646 0 X lo6 
1.461 781 7 X lo7 
3.994 408 4 X lo7 
8.9135810 X lo7 
1.7388185 X lo8 
3.082 091 5 X lo8 
5.084 824 2 X lo8 
7.9340420 X lo8 

0.00 a l l l l l l l  
0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0 

k R, 
E *  1 K *  

Figure 2. Number of statistical lengths, r L  (a), and the ratio 
of polymer chain length, L, to its radius of gyration, R, (O), shown 
as functions of the stiffness parameter, E * / K * .  

involved evaluation of the integrand over a grid in two- 
and four-dimensional space, was consistently more accurate 
than the Monte-Carlo routine and ran more quickly than 
the adaptive routine for the same level of accuracy. The 
numerical results actually described here are therefore 
derived from this routine. For each set of input values (kl, 
kz, the wavelength, A, of the incident light, R,, and { for 
the Rouse model; kl ,  kz, A, t * / ~ * ,  and r for the Harris- 
Hearst model) the number of modes included and the total 
number of points in the two- or four-dimensional grid was 
increased steadily. A final value for gNG(2)'(kl,k2;t) was 
taken when there were no further significant changes in 
the numerator or denominator of eq 8. Results are given 
here for r = 0.001 N.s and for { adjusted so that 71 for the 
Rouse model is equal to T~ for the Harris-Hearst model 
when c * / K *  = 0.001. At high kR, (>5) the CPU time re- 
quired for each evaluation was very long (20-36 h); fewer 
calculations, therefore, were completed in this region. 

Results and Discussion 
Some checks were made on the computer programs as 

follows. First of all, for scattering vectors perpendicular 
to one another (k1.k2 = O), gNG(')'(kl,k2;0) was found to be 
unity from the programs written for both the Rouse and 
the Harris-Hearst models. This property of eq 8 is true 
for Gaussian chains; i.e., it  is true exactly for the Rouse 
and Rouse-Zimm models and approximately true for the 
Harris-Hearst model in the limit of high fle~ibi1ity.l~ 
Second, values obtained numerically for gNG'2)'(o) for the 
Rouse model were in agreement with those obtained 

Figure 3. gNGc2)r(0) for the geometry of Figure IC for lkll = lk21, 
R, = 300 nm, and X = 451 nm, plotted against kR,: (0) Shows 
results from the series expansion (eq 19) and (0)  from numerical 
quadrature of eq 8. 

analytically. It was also found that the sign of kl.kz could 
be reversed in eq 8 without altering the value obtained for 
gNG(')'. This property is reflected in the symmetry of eq 
3.8 of PuseylO under substitution of W by - W. 

The function Qll in eq 20 has been evaluated analyti- 
cally and used to estimate gNGcz)'(0) for a Rouse-type 
random coil with lkll = Ikzl, R, = 300 nm, X = 451 nm, and 
0.2 < kR, S 2.0. (It is worth noting that in the case where 
kl # k,, a, and hence gNG(2)', are functions of R, and of 
the wavelength of incident light.) These results are com- 
pared in Figure 3 with results obtained by numerical 
quadrature from eq 8. As kR, increases, the approximate 
value of gNG(2)1(0) - 1 obtained from eq 19 diverges from 
the more exact values derived from eq 8; however, at kR, 
= 1.2 they agree to within 21%. Figure 4 shows g(2)(t) - 
1 = gNG(2)T(t)gNG(2)'(t) plotted against time for k,R, = kzR, 
= 1.2, where the CY = 1 mode dominates the time-de- 
pendent part of gNG(2)'; gNG(2)' has been estimated by using 
eq 19. As discussed later, for klR,, k2R, >> 1, several 
low-order modes contribute to the time dependence, re- 
sulting in a complex multiexponential time dependence 

In order to simplify the discussion, we refer in all that 
follows only to results obtained by numerical quadrature 
of eq 8. 

Figure 5 shows gNG(')'(kl,k2;O) plotted in isometric pro- 
jection calculated for a polymer with R, = 193.3 nm and 
X = 451 nm for the range of values 0 6 klR, < 2.5,O < k2Rg 
6 2.5 for the Rouse model and for a very flexible polymer 
of the Harris-Hearst type (E*/.* = 0.001). Results for the 

for gNG(2)1s 
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I a 
1.55 4 

. _ _  ~ 

0 0  5 0 0  1000 1500 200.0 2500 3000 

Time ims) 

Figure 4. Intensity cross-correlation function calculated from 
the series expansion (eq 19) vs. delay time in milliseconds for the 
geometry of Figure IC and Ik = (kzl, klR, = kp, = 1.2, R, = 300 
nm, and = 451 nm: (-1 k4t)  - 1) = gNG(2) ( t ) g N F ( t ) ,  taking 
only the a = 1 mode into account; (-a) shows gNG 2)T( t ) ,  where 
gNG(2)T(t) = 0.826[1 + 4 D T t / ~ r ~ ] " / ~ ,  DT = 1.18 X m2&, and 
0 is the scattering volume cross section, taken to be 1 pm. 

two different experimental geometries are shown; for both 
experimental geometries the two surfaces are very close 
to one another, as expected since, at the limit e* /K*  - 0, 
the Harris-Hearst model approximates the Rouse model. 

In Figure 6 gNG(2)'(kl,kd;O) for kl = k2 = k is shown as 
a function of kR,. (In an experimental setup the detectors 
would need to be separated by a few degreesg so that the 
contribution of the interference term (eq la) to g(2)  can be 
neglected.) For both Rouse-and Harris-Hearst models, as 
kR - 0, g@)'(O) tends to unity h d  increases monotonically 
wits increasing kR,. For the Rouse model (as also shown 
by Pusey'O) and for the more.flexible polymers of the 
Harris-Hearst type (e*/,* = 0.001 and 0.01) gNG(2)r(0) 
reaches a saturating value of 2 at large kR, (kR, 3 10). For 
the stiffer polymer coils our results do not show this sat- 
urating behavior. As shown-in Figure 2, as the stiffness 
increases, the number of statistical segments, y L ,  in the 
polymer structure decreases, and for e*/.* = 0.1, y L  = 1.26. 
The value for gNG'2''(o) a t  kR, = 10 for E*/.* = 0.1 is 2.2. 
Where there are so few statistical segments in the polymer, 
the Gaussian limit, which would give rise to a saturation 
value of gNG(2)1 = 2, is clearly not reached. The method 
described here for calculating gNG(')' by using eq 8 is 
therefore valid only for the Rouse model and, apparently, 
for two of the values of e * / K *  used here, 0.001 or 0.01. 

The remaining figures show properties of the decay 
curves of gNG(2)'(kl,kz;t), where kl = k2, with time. In 
Figure 7 the same noTmalized cross-correlation function 
employed by Kam and Riglerg (who measured the intensity 
cross correlation in eqperiments where kl  kz),  

t(kR,)2 for the Rouse model for kR, = 4, 6 ,  and 8. The 
points lie on very similar curves. PuseylO has discussed 
the initial slope of the decay, 

(gNG""(k,k$) - l)/(gNG'2)r(k,k;0) - I),  is plotted against 

for Rouse chains, and showed that a t  high kR r was 
dependent on (kR3*. Our numerical results in8cate an 
initial decay for kR, = 8 that is faster than suggested by 
Figure 7 ,  but by the time the normalized cross-correlation 
function has decayed by 3% of its initial value (at t(kR,)' 

H 

E Y  

1.05 4 /(. 
2.5 

2.5x0.0 

1.40 

1.35 

1.30 

1.60 

1.55 - 
1.50 - 
1.45 - 
1.40 - 
1.35 - 
1.30 - 

\ b 

:.::I 1.05 
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Figure 5. Static part of the cross-correlation function, 
g~~(~) ' (k~ ,k2;0 ) ,  calculated from eq 8 for a polymer of R, = 193.3 
nm and light of wavelength X = 451 nm for the Rouse model (- - - -) 
and for the Harris-Hearst model for c * / K *  = 0.001 (-): (a) data 
for the geometry of Figure lb; (b) data for the geometry of Figure 
I C .  

= 0.32 ms) the differences between the three curves are 
no longer apparent. 

The numerical calculation based on the series expansion 
as given in eq 19 shows that the decay of the cross corre- 
lation is dominated by the first mode for hR, < 0.8 (see 
above). The decay curves, at all values of kR, 2 1 are 
multiexponential. Because of the similarity of the shapes 
of the curves at kR, L 4 (Figure 7 ) ,  we have arbitrarily 
defined a characteristic time for the decay, T ~ ~ ~ . ,  as the time 
taken for gNG(2)'(kl,kz;t) - 1 to reach l / e  of its initial value. 
Figure 8 shows log i l l 2  plotted against log kR,. As kR, 
increases, r1I2 decreases, and for kR, 3 4 the slope of the 
graph indicates that at high values of kR, (34) the decay 
of the cross-correlation function with time is dependent 
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Figure 6. Static part of the cross-correlation function, 
g~~(~)'(kl,k2;0) calculated from eq 8 for kl = k,. Curve 1 shows 
gNGc2)'(0) for the Rouse model and for the Harris-Hearst model 
where c * / K *  = 0.001 and 0.01 (these three curves are indistin- 
guishable on the scale of this graph). Curves 2, 3, and 4 show 
g,Gc2)'(0) for e * / ~ *  = 0.1, 1, and 1000, respectively. 
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Figure 7. Normalized cross-correlation function, (gNG'2''(k,k;t) 
- l)/(gNG(2)'(k,k;0) - 1) against t ( k R J 2  for kl = kz = k and kR, 
= 4 (O) ,  6 (O) ,  and 8 (A). 

on (iZR.J2, in agreement with the result obtained from 
Figure 7. Figure 8 also shows curves corresponding to TllZ 

values for the Harris-Hearst model for E * / K *  = 0.001 and 
0.01 for kR, in the range 1-2.5 (limitations on computing 
time restricted the rapge). The decay curves for the 
Harris-Hearst model also deviate from single exponen- 
tiality. The extent of deviation from single exponentiality 
was characterized by fitting log (gNG")'(t) - 1) to a quad- 
ratic equation in time: 

log [gNG(')'(t) - 11 = a0 + a1t + a2t2 (38) 

Values for a2/aI2  are given in Table 11. It may be seen 
that for the same kR,, az/a12 yields similar values for the 
Rouse model and for the Harris-Hearst model where c * / K *  

= 0.001. For c * / K *  = 0.01, a2/a? is smaller. This indicates 
that as the semiflexible polymer becomes stiffer, the rel- 
ative contributions to the decay from the higher order 
modes decrease afid the decay becomes more like a single 
exponential. Thus the use of cross correlation involving 
two detectors a t  different positions will enable the lower 

7 n- 

1 3  

0.8 Rouse 

0.5 

Log (kR,I 

Figure 8. Logarithm of the characteristic time, T ~ / ~ ,  as defined 
in the text, for the decay of g,G(*)'(k,k;t), for kl = kz = k, plotted 
against the logarithm of kR, for the Rouse model and the Har- 
ris-Hearst model, values for e * / ~ *  being annotated. 

Table I1 
Values of a, /a  12 Obtained from Fitting Data Points to the 

Curve 

log (&"~(~)'(kl,k2;t) - 1) = + alt  + azt2 

Harris-Hearst 
model, e*/.* 

kR. Rouse model 0.001 0.01 
1 0.107 0.113 0.083 
1.5 0.144 0.149 0.106 
2 0.148 0.152 0.115 
2.5 0.129 0.126 0.108 

order intramolecular modes of a polymer chain to be 
identified from the short-time decay of gNG(2)', from which 
information on the flexibility of the chain may be derived. 

Comparison of Gaussian Coils with Rods. Let us 
consider the formula for the first cumulant to gNC@)' for 
a Gaussian coil which relates to the experimentally mea- 
sured initial decay of the correlation function: 

d log gNG(')' 

dt I =  t=n 
.I 1 

- DTk1'k2 C exp[ -5 [ e(k12Qij,2 6 + 
gNG(2)'(kl,kz;0) ijkl 

(39) 

The 4-fold summation in eq 39 reduces to a 3-fold sum over 
each of four terms, each consisting of a product of three 
static correlation functions. 

It is clear that when the scattering vectors are such that 
kl.kz = 0 the first cumulant for flexible Gaussian coils, 
given by eq 39, vanishes. Thus the nonvanishing of the 
first cumulant for wave vectors such that k,.k2 = 0 indi- 
cates that the intramolecular dynamics of the scatterers 
are non-Gaussian; this is clearly'the case for a rigid rod 
for which the 1 = 0 term in the equation for gNG(2)' does 
not contribute to the first cumulant but the time deriva- 
tives of terms with 13 2 do not vanish for kl.kz = 0. (It 
is worth noting that the long-time limit of gNG(')' for the 
rod is determined by 
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cumulants which vanish when kl.k2 = 0. It  will be of 
interest to compare the short-time behavior of cross-cor- 
relation functions for a variety of polymers of different 
flexibility as further experiments are carried out and to 
look for modulation of the anticorrelation signal in light 
scattered by slightly flexible rods as a function of wave 
vectors varying in the region of kl,k2 = 0. The calculation 
Of  g~~(~)’ (k l ,kz; t )  for a flexible rod will be presented else- 
where. 

I t  would also be of considerable interest to attempt to 
adapt the cross-correlation experiment for use in the study 
of polymer dynamics in concentrated systems. This might 
be achieved by modifying refractive index matching 
techniques so that a small concentration of unmatched 
polymer dopes a concentrated solution of polymer mole- 
cules with refractive index matched to that of the solvent. 
In this case the number fluctuations would occur on a very 
long time scale and one scattering (unmatched) polymer 
molecule could be localized in the small scattering volume 
for long periods of study. In this way the dynamical effects 
of entanglement on individual macromolecules could be 
studied experimentally. 
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